Image domains of certain starlike functions by 尾和 重義 et al.
Image domains of certain starlike functions
journal or
publication title





Creative Commons : 表示 - 非営利 - 改変禁止
http://creativecommons.org/licenses/by-nc-nd/3.0/deed.ja
107
大和大学　研究紀要　第 2巻　2016 年 3月
平成 27年 9月 30日受理
Image domains of certain starlike functions
Shigeyoshi Owa*,  Kazuo Kuroki**  and Junichi Nishiwaki***
Abstract
Let S∗ be the class of analytic functions f(z) with f(0) = 0 and f ′(0) = 1 which
are starlike with respect to the origin in the open unit disk U. We discuss the length
of the image curve of f(z) and the area of the image domain of f(z) in the present
paper.
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1 Introduction
Let A be the class of functions f(z) of the form










∣ |z| < 1
}
. A function f(z) ∈ A
is said to be univalent in U if and only if f(z1) 6= f(z2) for z1 ∈ U and z2 ∈ U such that
z1 6= z2. The class of all univalent functions f(z) in U is denoted by S. If f(z) ∈ A






> 0 (z ∈ U),
then f(z) is called starlike with respect to the origin in U. Also, we denote by S∗ all
starlike functions f(z) with respect to the origin in U. Moreover, if f(z) ∈ A satisfies
zf ′(z) ∈ S∗ which is equivalent to
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> 0 (z ∈ U),
then we claim that f(z) is convex in U and we will formalize it as f(z) ∈ K (cf. Duren
[1]).
Then, it is well-known that
(1.4) f(z) =
z





is the extremal function for S∗ and that
(1.5) f(z) =
z





is the extremal function for K (cf. Robertson [2]).












then f(z) ∈ K. With the results obtained by Silverman [3], it is already known that a
function f(z) given by
(1.8) f(z) = z +
1
n
zn (n = 2, 3, 4, · · · )
is in the class S∗ and that a function
(1.9) f(z) = z +
1
n2
zn (n = 2, 3, 4, · · · )
is in the class K.
From now on, we are going to consider the image domains of f(z) given by (1.8) for
z ∈ U.
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2 Limacon
Now, at first let us consider the function
(2.1) f(z) = z +
1
n
zn (n = 2, 3, 4, · · · )
which is called the limacon in U. If we write that z = reiθ (0 ≦ θ ≦ 2π) and f(z) = u+ iv
in (2.1), then we know that









We confirm that f(z) ∈ S∗.
Let us suppose that Lr denotes the length of the image curve of f(z) for |z| = r, and
that Sr is the area of the image domain of f(z) for |z| < r.
Theorem 2.1 If f(z) is given by (2.1), then we have





1 + r2(n−1) + 2rn−1 cos(n− 1)θ dθ








for 0 < r ≦ 1.
































1 + r2(n−1) + 2rn−1 cos(n− 1)θ dθ.














r2 sin2 θ +
n + 1
n













The deduction provided in (2.6) and (2.7) leads to the validity of the theorem.
If we consider the case of r = 1 in Theorem 2.1, then we will get what follows.




Remark 2.1 Corollary 2.1 shows us that L1 = 8 and S1 =
n + 1
n
π for any n (n =
2, 3, 4, · · · ) if r = 1. Furthermore, lim
n→∞
Sr = πr2.
Corollary 2.2 If f(z) is indicated in (2.1), then (2.8) naturally follows.
(2.8) Lr = rn+1L 1
r
(r > 0).






























1 + r2(n−1) + 2rn−1 cos(n− 1)θ dθ = 1
rn+1
Lr
for n = 2, 3, 4, · · · and r > 0.
3 Case of n = 3
In this section, we now analyze the case of n = 3 in detail. We have to check that the
function
(3.1) f(z) = z +
1
3
x3 (0 < r ≦
√
3 )
maps |z| = r for the following curves.
110 111
Image domains of certain starlike functions　 
0 < r < 1 r = 1





From the four figures shown above, we can now derive
Theorem 3.1 If f(z) is given by (3.1) with 0 < r ≦
√
3 , then we have
(3.2) 2r(1− r2)π ≦ Lr < 8 (0 < r < 1),
(3.3) Lr = 8 (r = 1),






3 π ≦ Lr ≦ 8
√
3 π (r =
√
3 ).


































= −r sin θ − r3 sin 3θ
∂v
∂θ
= r cos θ + r3 cos 3θ.




















1 + r4 + 2r2 cos 2θ dθ.
This provide us with (3.2) for 0 < r < 1. If r = 1, then we obtain that Lr = 8. If
1 < r <
√
3 , then we have the following image domain by f(z) for 1 < |z| <
√
3 .
Using (3.8), we can confirm that




(1 + r2) dθ = 2r(1 + r2)π
for 1 < r <
√
3 . Finally, if r =
√
3 , then (3.8) becomes







5 + 3 cos 2θ dθ.














which gives (3.5) for r =
√
3 .
Next, we will consider the area of the image of f(z) for |z| = r. If 0 < r ≦ 1 is valid,
then the image of f(z) is the starlike domain. Thus, we use Sr for the area of the image
for 0 < r ≦ 1. In the case of 1 < r ≦
√
3 , f(z) is not starlike as in the following figures.
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In this case, we regard the shaded parts as Sr.
Theorem 3.2 If f(z) is given by (3.1) with 0 < r ≦
√








π (r = 1),























(3.15) Sr = 24 (r =
√
3 ).
Proof. It is clear that Sr satisfies (3.12) for 0 < r < 1 and (3.13) for r = 1 from
Theorem 2.1. Thus, we only need to argue for 1 < r ≦
√
3 . We consider that
(3.16) u = r cos θ +
r3
3
cos 3θ = r cos θ
(






for 0 ≦ θ ≦
π
2

























from the discussion above, we can calculate as follows.





























































(3 + r4)θ +
4r2 − 3
2






Therefore, using the following formulas





(3.21) sin 2θ2 =
√
3(r2 − 1)(r2 + 3)
2r2
,
(3.22) sin 4θ2 =
(r2 − 3)
√
3(r2 − 1)(r2 + 3)
2r4
and
(3.23) sin 6θ2 =
3(3− 2r2)
√


































3(r2 − 1)(r2 + 3)
for 1 < r <
√
3 . Finally, letting r =
√
















is valid for r =
√
3 .
Remark For the special r in Theorem 3.2, we have Sr =
13
24
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